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I. Introduction
Consider the external reflection in air of unpolarized quasi-monochromatic light' at an angle of incidence 4) by the plane surface of a transparent (dielectric) or absorbing (semiconductor or metallic) substrate, Fig.   1 (a), which may be coated by a transparent thin film 2 of uniform thickness d, Fig. 1 (b) . Suppose that it is required to achieve a specified or given reflectance level &Mg > 0. For a bare substrate, the desired reflectance can be attained at a particular 4) if Mg > MO, where M is the bare-substrate reflectance at normal incidence and 4) is obtained by solving the equation MA( = . (1) Reflectances in the 0 < Mg < 30 range may or may not be realized by a bare substrate. This depends on the substrate complex refractive index N 2 = n -jk 2 , which determines whether R (4)) is a monotonic or nonmonotonic function' of 4).
In this paper we deal with the more general case of a substrate that is coated by a dielectric thin film, Fig. 1(b) . Instead of the metric film thickness d, we use the normalized thickness is the film thickness period, X is the vacuum wavelength of light, and N, (real) is the film refractive index. For the coated surface, Eq. (1) is replaced by (4) The unpolarized light reflectance M. is itself deter- . Rp., versus ¢ Ru -0.50 at X -633 n.
(b) 
where R and R are the complex reflection coefficients for thep and s linear polarizations, parallel and perpendicular to the plane of incidence, respectively. The mathematical expressions for Rp and R. of a bare or coated substrate can be found elsewhere 4 and are not repeated here. For a given film-substrate system with known optical properties (N,, N 2 ) at a given wavelength , all possible solutions of Eq. (4) are found for set values of g,. The other reflection characteristics of the coated surfaces that satisfy Eq. (4), namely, the p and s reflectances MP and ., and the ellipsometric angles j and A, where tan t, exp(jA) = RIRa, are also calculated.
Our interest in this problem originates in a requirement that the first, second, and third detectors of the four-detector photopolarimeter (FDP), Fig. 2 , have given Rg, Eq. (4) is more easily solved by assuming 4) Figure 5 shows the results for , = 0.75 that nd iterating on 4 until the equation is satisfied. All correspond to the first detector of the FDP. The . is the unpolarized light reflectance, t and d are the normalized and metric thicknesses of the Si0 2 film, + is the angle of incidence, qi and A are the surface ellipsometric parameters, and L gives the length of the major axis of the elliptical spot cast on the detector surface by a 1-mm-diameter beam. vector dSby a = . is calculated as described in Ref.
6-G_-2-' ----5 for the identically coated first three detectors 4 R (80-nm Si0 2 film) and with each detector set at the .4-incidence angle specified in Fig. 6 . We assume opti- Table 1 summarizes the data for the coatings that produce the desired reflectances at the least possible angles of incidence for a FDP that uses Si detectors and operates at 633 nm. The last column of the table lists the length L (in millimeters) of the major axis of the elliptical spot cast on the detector surface when it intercepts a 1-mm-diameter beam at the indicated angles of incidence. If a rectangular detector is used, its long side must be > L and it must be oriented parallel to the plane of incidence.
Simple Design with Identically Coated Detectors
From Table 1 -0.045 (6) The fact that all the elements of the first column of .X are nearly equal (and 0.25) indicates that energy equipartition among the detectors has been essentially attained. 8 The polarization sensitivities of the individual detectors are determined by the lengths of the respective normalized projection vectors 9 which, from Eq. (6), are 0.415, 0.411, 0.469, and 0.290, for the 1st, 2nd, 3rd, and 4th detectors, respectively.
SiO, Coatings on Si Detectors at A = 337 nm
The complex indices of refraction of SiO 2 and Si at this (Ar-ion laser) wavelength are 1.48-jO and 5.179-j3.039, respectively, and the bare-substrate Si reflectance at normal incidence is SO = 0.563. ForR. = 0.5 (the 3rd detector of the FDP), the constraint on C and 4) such that Eq. (4) is satisfied is shown in Fig. 7(a) . The nature of the locus of the (Q, 4)) solution pair at X = 337 nm is significantly different from that shown in Fig. 3(a) for the same R, = 0.5 at X = 633 nm. The reason is that M. < So and Eq. (4) can be satisfied at all angles of incidence from 0 to 85.00. For 0 < 4 < 700, Eq. (4) has two solutions for t; for 71.0 < 4 < 83.0°, Eq. (4) has four solutions; and for 84.0 < 4 < R. is the unpolarized light reflectance, and d are the normalized and metric thicknesses of the SiO 2 film, 4 is the angle of incidence, q1 and A are the surface ellipsometric parameters, and L gives the length of the major axis of the elliptical spot cast on the detector surface by a 1-mm-diameter beam. Finally, Fig. 9 shows the results form 0 = 0.75 (1st detector of the FDP) and = 337 nm. The suggested operating point is again marked by A, where P ) A = 82.4°, A = 0.24, and A = 41.240. The latter value of A indicates weak polarization sensitivity for the 1st detector. A at the 1st (and 3rd) detector has no bearing on the singularity condition of the instrument matrix. 5 Table 2 summarizes the design data for Si0 2 -coated Si detectors that have the required reflectances for energy equipartition in the FDP with unpolarized incident light at = 337 nm. The 4th detector should be antireflection coated to accomplish equipartition. A Si 3 N 4 layer, N = 2.00 and d = 37 nm, reduces the normal-incidence reflectance of Si from 56.3% to 8.05% at 337 nm. Table 2 also suggests a simple design in which the first three detectors are coated by a SiO 2 film of the same thickness, say d = 40 nm. By use of a construction similar to that in Fig. 6 , we determine the angles of incidence at the 1st, 2nd, and 3rd detectors to be 82.420, 78.900, and 67.650 to achieve reflectances of 0.75, 0.667, and 0.50, respectively.
Operation over an Extended Spectral Range
Suppose that the simple monochromatic FDP design with identical coatings (80-nm Si0 2 film) on the first three detectors and with an antireflection layer (80-nm Si 3 N 4 film) on the last detector, described in Section 3, is operated over an extended spectral range, 335 < X < 829 nm, without changing the detectors or the geometric configuration (i.e., light path). It is then of interest to examine the effect of changing X on the energy equipartition condition, the lengths of the normalized projection vectors, and the determinant of the instrument matrix. We have performed such calculations by using a previously published analysis 5 and by taking proper account of the dispersion of the optical properties of the coating materials (Si0 2 and Si 3 N 4 ) and of the Si substrate. Figure 10shows the spectral dependence of the elements a 00 , alo, a 20 , and a 30 of the first column of the a matrix that determine the relative amounts of light absorbed by the 1st, 2nd, 3rd, and 4th detectors, respectively. Note that the four elements are nearly equal (and 0.25) for 500 < X < 700 nm, so that equipartition is satisfied reasonably well over this range, but that they diverge at shorter and longer wavelengths. Figure 11 shows the lengths of the four normalized projection vectors a 0 1,I a 1 , a 2 1, and a, I as functions of X. The polarization sensitivity of all the detectors is minimum in the 450 < X < 500-nm range and increases substantially at shorter and longer wavelengths.
Finally, Fig. 12 shows the spectral response of the normalized determinant' det ,/(Hli= 3 k), in which the denominator is the product of the responsivities of all four detectors. The determinant is zero, hence X is strictly singular at two wavelengths, X = 360 nm and X2 = 470 nm. Therefore, the FDP can be operated over the entire spectrum with the exception of the immediate neighborhoods of X and X 2 .
Summary
The constraint on the angle of incidence and the thickness of a transparent thin film on an absorbing substrate is determined such that a specified reflectance level for incident unpolarized light is achieved. Specific application is made to coatings on the 1st, 2nd, and 3rd detectors of the FDP that yield reflectances of 0.75, 0.667, and 0.5, respectively, at the least possible angles of incidence, without rendering the instrument matrix singular. These reflectance levels lead to the desirable condition of energy equipartition among the four detectors (assuming that the last detector is antireflection coated) for incident unpolarized light. Designs have been presented at two laser wavelengths (633 and 337 nm) and the operation of a monochromatic design over an extended spectral range has also been investigated. 
